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1. (Answer: 107)

The prime factorization of 20102 is 22-32-52.672. Thus there are (2+1)* =
81 positive divisors of 20102. A perfect square divisor of 2010 has the
form 2*3%5Y67%, where each of w, x,y, z is either 0 or 2. Thus there are a
total of 2* = 16 perfect square divisors of 2010%2. The requested probability
is therefore

16- (81 —-16) 16-65 26

p= D TR1.40  81°

and m +n = 26 + 81 = 107.

2. (Answer: 109)
Let N be the product in the problem. Then

N=9-99(-1)%"=-891 =109 (mod 1000).

Thus the desired remainder is 109.

3. (Answer: 529)
The conditions imply that

3\ :
(Z‘”) _ zie,
4)4 _ 256

3 1
and hence :I:%:czaﬁ,or :I:% =z" 1. Thus x = (i? 1

3 and y = %.
Then

x+y:@+%: 256 + 192 :%
81 27 81 81’
and the requested sum is 529.
Note: This problem goes back to Euler. For the history, see the pa-
per by Bennett and Reznick: “Positive rational solutions to z¥ = y™* :
a number-theoretic excursion”, Amer. Math. Monthly, 111 (2004), 13-21.
The positive rational solutions to z¥ = y* are precisely

o ={((+2)" (1))

for positive integers n.
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4. (Answer: 515)
Let p(h) be the probability that Jackie flips h heads. Then

2
1 3 3
w0 =(3) 3=
1 3 1 4 5
1 3 1 4 11
oL A1
=T

The probability that Jackie and Phil flip exactly the same number of heads
. 2 2 2 2

is [p(0)]2 + [PV + [P + [p(3)]” = (55)" + ()" + (35) +(7)” = 5
and the requested sum is 123 4+ 392 = 515.

5. (Answer: 501)
Note that

-+ - =a-b)(a+b)+(c—d)(c+d) =a+b+c+d,

and thus a—b = ¢c—d = 1. Hence 2010 = a+(a—1)+c+(c—1),s0 a+c =
1006. The condition a > ¢ implies that a > 504, and the condition ¢ > d
implies that ¢ > 2, so that a < 1004. For each integer k£ with 0 < k£ < 500,
the ordered quadruple (a,b,c,d) = (504 + k,503 + k,502 — k,501 — k)
satisfies the required conditions, and thus the number of possible values
of a is 501.

6. (Answer: 406)
Completing the square yields

(-1 +1< Plz) <2(x—1)2+1.

The left hand and right hand expressions represent parabolas with a vertex
at (1,1), so P(z) must also represent a parabola with vertex at (1,1).
Therefore P(z) = a(z—1)?+1, P(11) = 100a+1 = 181, and a = . Thus
P(z) = 2(z — 1)® + 1, and P(16) = 406.

7. (Answer: 760)

Let S ={1,2,3,4,5,6,7}. If (A, B,C) is a minimally intersecting ordered
triple of subsets of S, then there exist distinct z,y, z € S such that ANB =
{z}, BNC = {y}, and ANC = {z}. There are 7-6 -5 ways to assign
values to z,y, z. For each of the four remaining elements of S, there are
four possibilities, namely that either the element belongs to exactly one
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of the three sets A, B, or C, or it belongs to none of the three sets. Thus
there are a total of 7-6-5-4* minimally intersecting ordered triples of sets
in which each set in each triple is a subset of S. Thus N =7-6-5-4% =
210 - 256 = 53760, and the requested remainder is 760.

. (Answer: 132)

Suppose (z,y) € R. Because |a] takes integer values and |z |?+|y|? = 25,
the ordered pairs (|z], |y|) must be elements of the set

S = {(5,0), (4, £3), (£3, £4), (0, £5)}.

Thus region R is a subset of the 12 unit-square regions with lower left
corners in S.

Region R is symmetric about point @ = (%,1). Points A = (4,5), B =
(5,4), C = (=3,—-4), D = (—4,-3) lie on the boundary of region R.
Thus ABCD is a rectangle centered at ). The smallest circle that can
be drawn to cover these four points (which are boundary points of R) is
the circumcircle of ABC'D, which has diameter AC' = /72 + 92 = /130.
Substitution of the vertices of the twelve unit square regions into the
inequality defining this circumcircle and its interior confirms that this

circle does cover region R. Hence the minimum value of r is ¥ 1250, and

m+n=132.

. (Answer: 158)

Add zyz to each side of each equation to obtain 2% = 2+zyz, y* = 6+zyz,
and 2% = 20 + 2zyz. Letting P = xyz, it follows that P3 = (2 + P)(6 +
P)(20 + P) = P? + 28P2 + 172P + 240. Simplifying yields the equation
TP? + 43P + 60 = 0, and thus P = —% or P = —4. By adding the
original three equations, it follows that 2> + 3% + 23 = 28 + 3P, and this
can be maximized by taking the greater of the two values of P, which is
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—%. This value of P corresponds to the solution (—%, %iﬁ’ W) of the
5

system. Thus the largest possible value of z3 + 3% + 23 is 28 — 7=,
and m +n = 151 4+ 7 = 158.

Note: The solution corresponding to P = —4 is (7\3/5, 2, 2\3@)

(Answer: 202)

Write a; = 10b; + ¢;, where b;, ¢; € {0,1,2,...,7,8,9}; if b; and ¢; are
chosen in this way, they determine a unique acceptable a;.

Let m = bg - 103 + by - 102 + by - 10" +bg - 10°, and n = ¢z - 102 +¢5 - 10% +

c1 - 101 4 ¢o - 10°, and write the representation as

2010 = (10bs + ¢3)10% 4 (10by 4 ¢2)10% + (10by + ¢1)10* + (10bg + ¢0)10°
= 10m +n.

The number of such representations is the number of ways to write 2010

as 10m + n, where m and n are nonnegative integers. That is, m €
{0,1,...,201} and n = 2010 — 10m. Thus N = 202.

(Answer: 365)
The region R is a triangular region bounded by the lines 3y — z = 15,

y =x+2, and y = —x + 18. The vertices of this triangle are A =
9 13 39 33
25 , B = T , and C' = (8,10). Let D be the foot of the

perpendicular from C' to line AB. It can be verified that the coordinates
of point D are (8.7,7.9), and hence D is between A and B. Thus the solid
of revolution consists of two right circular cones with heights AD and
BD, each having a base radius of CD. The desired volume is therefore

1 1
gﬂ' -CD?- AD + gﬂ' .CD?.BD = %7’1’ -CD? - AB. Note that

2 2
AB = <2—1> +(£> =£\/32+12=74@ and

4

CD=/(8—87)2+ (10 — 7.9)2 =

(@)

Thus the desired volume is lw @ H _ 343w

. . = ,and m+n+p =
37 10 4 12v/10 P
343 + 12 + 10 = 365.

(Answer: 243)

First prove that m < 243. Let S = {3,4,...,243} and assume that T
and U form a partition of S such that neither of the subsets contains a
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solution to the given equation. Without loss of generality assume that
3 € T. Then necessarily 32 € U.

If 33 € T, then because 3* = 3-3% = 32.32, one of the subsets must contain
a solution to the given equation, which contradicts the assumption.

On the other hand, if 32 € U then 3* € T and thus 3° € U. This
implies that 32 € U. Then the set U contains a solution to the given
equation, which again contradicts the assumption. Thus no such partition
exists. If m < 242, then S = {3,4,...,m} can be partitioned by taking
T = {3,4,...,8,81,82,...,m}, and U = {9,10,...,80}, and neither of
the sets contains a solution to the equation.

(Answer: 069)

D QT C

Let O be the midpoint of segment AB. Then AO = (AU + UB)/2 =
126 = AN and UO = 42. Thus AAON is equilateral and ZAON = 60°,
implying that the ratio of the areas of sectors AON and NOB is 1 : 2.
Let @ be the foot of the perpendicular from U to line DC. Because
AU/UB = 1/2, the ratio of the areas of rectangles AUQD and UQCB is
also 1 : 2. Because line [ divides region R into two parts with area ratio
1: 2, it follows that triangles NUO and UQT have the same area. Let P
be the foot of the perpendicular from N to line AB. Note that triangles
NUP and UTQ are similar, with area ratio equal to

2
ve” _ Area(UTQ) :Area(NOU) :U—Oor UQ—NP- Q
NP?  Area(NUP) Area(NUP) UP UP

In ANOP, NO = AO = 126, ZNPO = 90°, and ZNOP = 60°. Hence
_ _ _ B 5 s
NP—63\/§70P7637UP—OP—UOfQLand\/%f 2_ /3

Therefore
UoO
DA_UQ_NP-W/U—P = 636,

and m +n = 69.
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14. (Answer: 109)

15.

Note that f(1) = 9-0+90-1+2 = 92, and f(10n) = 100 + f(n), so
£(100) =292 and f(1000) = 392. For 0 < j < 900, log;,(k(100 + j)) > 2
Furthermore log;,(k(100 + j)) > 3 if and only if

1000 10§ 105
— 10— Cthat is, k > 10 — .
=100+ 10045 thatis, LOOJer

Therefore the number of terms in the sequence having a value of at least

. 105
1
3is 91+ LOO+

100,
LOO -ijJ , which implies

J Similarly, the number of terms having a value of 4 is

, 105 1005
100 + j) = 200 + 91 + 1 .
(100 +7) ok +Loo+jJ+Loo+jJ

Thus the required value of n = 100 + j must satisfy 1005 < 9(100 + j5),
and therefore j < 9. It can be verified that f(109) = 300, so the answer
is 109.

(Answer: 045)

AM
Let —— = k and the common altitude of AAMB and ACMB be h.

Because the radius of the incircle of triangle equals twice its area divided

by its perimeter, the ratio of the areas of two triangles with equal inradii

12+ AM + BM
is the same as the ratio of their perimeters. Thus m =
%AM -h

4+—=—— = k. Replacing AM by k- CM and solving for BM yields
5CM-h

13k -1 12
BM = M The fact that BM > 0 implies that 3 < k. Because

1-k
AM 15
Cl—% =k and AM + CM = 15, it follows that CM = ]
Pl Applying the Law of Cosines to triangles ABM and BC'M and to
angles /ZBMA = o and ZCM B = 7 — « respectively yields

and AM =

22 = AM? + BM? — 2AM - BM cos «, and
132 = BM? + CM? + 2BM - CM cos a.

Using AM = k- CM, multiplying the second equation by k, and adding
the two equations yields

13%k +12% = BM?(k + 1) + AM? + CM?k.
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Substituting into the above equation produces

13k — 12\ 15k \* 15 \?
1 144 = — 1 .
69k + < % ) (k+)+<k+1> +<k+1> k
Simplifying this equation yields 4k(69k2 — 112k + 44) = 0. Its solutions

are k=0, k = 12

13°
valid, and so p + ¢ = 45.

only the last solution is

wl N

,and k = 23" Because k& >
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