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. (A) Five sandwiches cost 5-3 = 15 dollars and eight sodas cost 8-2 = 16 dollars.
Together they cost 15+ 16 = 31 dollars.

. (C) By the definition we have

h@(h@h)=h® (h3—h) =h3— (h® —h) = h.

. (B) Mary is (3/5)(30) = 18 years old.

. (E) The largest possible sum of the two digits representing the minutes is 5+9 =
14, occurring at 59 minutes past each hour. The largest possible single digit that
can represent the hour is 9. This exceeds the largest possible sum of two digits
that can represent the hour, which is 1 + 2 = 3. Therefore, the largest possible
sum of all the digits is 14 + 9 = 23, occurring at 9:59.

. (D) Each slice of plain pizza cost §1. Dave paid $2 for the anchovies in addition
to $5 for the five slices of pizza that he ate, for a total of $7. Doug paid only $3
for the three slices of pizza that he ate. Hence Dave paid 7 — 3 = 4 dollars more
than Doug.

. (A) Let E represent the end of the cut on DC, and let F represent the end of
the cut on AB. For a square to be formed, we must have

DE=y=FB and DE+y+FB=18, so y=6.

The rectangle that is formed by this cut is indeed a square, since the original
rectangle has area 8- 18 = 144, and the rectangle that is formed by this cut has
a side of length 2 -6 = 12 = /144.
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. (B) Let Danielle be = years old. Sally is 40% younger, so she is 0.6z years old.
Mary is 20% older than Sally, so Mary is 1.2(0.6x) = 0.72z years old. The sum
of their ages is 23.2 = z + 0.6z + 0.72z = 2.32x years, so x = 10. Therefore
Mary’s age is 0.72x = 7.2 years, and she will be 8 on her next birthday.
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(C) First note that, in general, the sum of n consecutive integers is n times
their median. If the sum is 15, we have the following cases:

if n = 2, then the median is 7.5 and the two integers are 7 and 8;
if n = 3, then the median is 5 and the three integers are 4, 5, and 6;

if n = 5, then the median is 3 and the five integers are 1, 2, 3, 4, and 5.

Because the sum of four consecutive integers is even, 15 cannot be written in
such a manner. Also, the sum of more than five consecutive integers must be
more than 1+2+4+3+4+45 = 15. Hence there are 3 sets satisfying the condition.

Note: It can be shown that the number of sets of two or more consecutive positive
integers having a sum of k is equal to the number of odd positive divisors of k,
excluding 1.

(A) Let p be the cost (in cents) of a pencil, and let s be the cost (in cents) of a
set of one pencil and one eraser. Because Oscar buys 3 sets and 10 extra pencils
for $1.00, we have

35 + 10p = 100.

Thus 3s is a multiple of 10 that is less than 100, so s is 10, 20, or 30. The
corresponding values of p are 7, 4, and 1. Since the cost of a pencil is more than
half the cost of the set, the only possibility is s = 10.

(E) Suppose that k = /120 — y/z is an integer. Then 0 < k < /120, and
because k is an integer, we have 0 < k < 10. Thus there are 11 possible integer

values of k. For each such k, the corresponding value of x is (120 — kz)z. Because

(120 — k2)2 is positive and decreasing for 0 < k < 10, the 11 values of x are
distinct.

(C) The equation (x + y)? = 2% + y? is equivalent to z2 + 2zy + y? = 22 + 2,
which reduces to xy = 0. Thus the graph of the equation consists of the two
lines that are the coordinate axes.

(B) The top of the largest ring is 20 cm above its bottom. That point is 2
cm below the top of the next ring, so it is 17 cm above the bottom of the
next ring. The additional distances to the bottoms of the remaining rings are
16 cm, 15¢cm,...,1cm. Thus the total distance is

17-18

204+ (17+16+---+2+1) =20+ =20+17-9 =173 cm.

OR

The required distance is the sum of the outside diameters of the 18 rings minus
a 2-cm overlap for each of the 17 pairs of consecutive rings. This equals

20 - 21
(34454 ++20) =217 = (14243+4+5+ - +20)~3-34 = == 37 = 173 cm.
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(E) Let r, s, and ¢ be the radii of the circles centered at A, B, and C, respec-
tively. Then r+s =3, r+t =4, and s +¢ = 5, from which r =1, s = 2, and
t = 3. Thus the sum of the areas of the circles is

(12 + 2% 4 3%) = 147,

(C) If a debt of D dollars can be resolved in this way, then integers p and g
must exist with
D = 300p + 210g = 30(10p + 79).

As a consequence, D must be a multiple of 30, so no positive debt of less than
$30 can be resolved. A debt of $30 can be resolved since

30 = 300(—2) + 210(3).
This is done by giving 3 goats and receiving 2 pigs.
(A) Because cosx = 0 and cos(z + z) = 1/2, it follows that x = mnr/2 for some

odd integer m and x + z = 2n7 + 7/3 for some integer n. Therefore

m ™ ™ ™

for some integer k. The smallest value of k that yields a positive value for z is
0, and the smallest positive value of z is 7/2 — 7/3 = 7/6.

OR

Let O denote the center of the unit circle. Because cosx = 0, the terminal side
of an angle of measure x, measured counterclockwise from the positive z-axis,
intersects the circle at A = (0,1) or B = (0, —1).

C

D
B

Because cos(z+2) = 1/2, the terminal side of an angle of measure x4z intersects

the circle at C' = (%, @) orD = (%, —@) Thus all angles of positive measure

z = (z + z) — o can be measured counterclockwise from either OA or OB to
either OC or OD. The smallest such angle is ZBOD, which has measure 7 /6
and is attained, for example, when z = —7/2 and © + z = —7/3.
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(B) Radii AC and BD are each perpendicular to CD. By the Pythagorean
Theorem,

CE =+/52-32=4.
Because AACE and ABDE are similar,

DE BD BD 8 32

cE~ac *° PE=CE-Ga=tg=
Therefore 32 A
C’DzCE+DE:4+§=§.

(B) Let B =(0,0),C = (s,0), A= (0,s), D = (s,s),and E = (s + 755t
Apply the Pythagorean Theorem to AAFE to obtain

2 2
9 r r
r? 4 (9+5\/§) = <s+) + () :
V2 V2
from which 9 + 5v/2 = s? 4+ rsv/2. Because r and s are rational, it follows that
s2=9and rs=5,s01/s=5/9.

%)

OR

Extend AD past D to meet the circle at G # D. Because E is collinear with B
and D, AEDG is an isosceles right triangle. Thus DG = rv/2. By the Power
of a Point Theorem,

9+5\/§:AF2:AD~AG:AD~(AD+DG):s(s+r\/§) = 5% +75V/2.

As in the first solution, conclude that r/s = 5/9.

(E) The conditions on f imply that both

m:f(m)—kf(i) and i:f<i>+f<1}x) =f(i)+f(x)-

Thus if z is in the domain of f, then x = 1/z, so x = +1.
The conditions are satisfied if and only if f(1) =1/2 and f(—1) = —1/2.

(E) The slope of the line I containing the centers of the circles is 5/12 = tan 0,
where 6 is the acute angle between the z-axis and line [. The equation of line [
is y —4 = (5/12)(x — 2). This line and the two common external tangents are
concurrent. Because one of these tangents is the z-axis, the point of intersection
is the z-intercept of line I, which is (—38/5,0). The acute angle between the
z-axis and the other tangent is 26, so the slope of that tangent is

5/12 120

tan20 =2. — L2 =2
an 1-(5/12)2 119
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Thus the equation of that tangent is y = (120/119) (z + (38/5)), and

_120 38 012
119 5 0 119°

(C) At each vertex there are three possible locations that the bug can travel
to in the next move, so the probability that the bug will visit three different
vertices after two moves is 2/3. Label the first three vertices that the bug visits
as A, B, and C, in that order. In order to visit every vertex, the bug must travel
from C to either G or D.

H G
e

Dt
A/ B

The bug travels to G with probability 1/3, and from there the bug must visit
the vertices F', E, H, and D in that order. Each of these choices has probability
1/3 of occurring. So the probability that the path continues in the form

C—-G—-F—-F—-H-—D

is (%)5

Alternatively, the bug can travel from C to D and then from D to H. Each
of these occurs with probability 1/3. From H the bug could go either to G or
to E, with probability 2/3, and from there to the two remaining vertices, each
with probability 1/3. So the probability that the path continues in one of the
forms

~E—-F—>G
C—-D—H
NG—-F—>FE

s (2) ()"

Hence the bug will visit every vertex in seven moves with probability
DT L 2Y (Y (2 (L2 () 22
3 3 3J\3/) | \3/\3 3)\3) 243

OR
From a given starting point there are 37 possible walks of seven moves for the
bug, all of them equally likely. If such a walk visits every vertex exactly once,
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there are three choices for the first move and, excluding a return to the start,
two choices for the second. Label the first three vertices visited as A, B, and C,
in that order, and label the other vertices as shown. The bug must go to
either G or D on its third move. In the first case it must then visit vertices
F,E H, and D in order. In the second case it must visit either H, E, F, and G
or H,G,F, and E in order. Thus there are 3 -2 -3 = 18 walks that visit every
vertex exactly once, so the required probability is 18/37 = 2/243.

(E) For j =1 and 2, the given inequality is equivalent to
jHa?+y? <10(x+y),

109\ 2 100\ 10%
_ _ < = _;
(-3) () <5

provided that z +y > 0. These inequalities define regions bounded by circles.
For j = 1 the circle has center (5, 5) and radius 7. For j = 2 the circle has center
(50, 50) and radius v/4998. In each case the center is on the line y = z in the
first quadrant, and the radius is less than the distance from the center to the
origin. Thus x + y > 0 at each interior point of each circle, as was required to
ensure the equivalence of the inequalities. The squares of the radii of the circles
are 49 and 4998 for j = 1 and 2, respectively. Therefore the ratio of the area of
S to that of Sy is (49987)/(497) = 102.

or to

(D) Place the hexagon in a coordinate plane with center at the origin O and ver-
tex A at (2,0). Let B, C, D, E, and F be the other vertices in counterclockwise
order.

P

G‘ 0

Corresponding to each vertex of the hexagon, there is an arc on the circle from
which only the two sides meeting at that vertex are visible. The given probability
condition implies that those arcs have a combined degree measure of 180°, so by
symmetry each is 30°. One such arc is centered at (r,0). Let P be the endpoint
of this arc in the upper half-plane. Then Z/POA = 15°. Side BC is visible
from points immediately above P, so P is collinear with B and C'. Because the
perpendicular distance from O to BC is v/3, we have

V3 = rsin15° = rsin(45° — 30°) = r (sin 45° cos 30° — sin 30° cos 45°) .
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2 \ 2 2 4

Vv ﬁ(? ;>_T.M,

Therefore

R R R B
P VAT Va B Veiws o B VE=3vaive

OR

Call the hexagon ABCDEF. Side AB is visible from point X if and only if X
lies in the half-plane that is in the exterior of the hexagon and that is determined
by the line AB. The region from which the three sides AB, BC, and C'D are
visible is the intersection of three such half-planes.

Let rays AB and DC intersect the circle at R and @, respectively. Then QR
is one of the six arcs of the circle from which three sides are visible. Symmetry
implies that the six arcs are congruent, and because the given probability is
1/2, the measure of each arc is 30°. Let O be the center of the hexagon and the
circle. Then ZQOR = 30°, so

1 1
/Q0C = ZQOR + 3 (£BOC — ZQOR) = 30° + 3 (60° — 30°) = 45°.
Thus
Z0QC = 180° — ZQOC — £0CQ = 15°.
Apply the Law of Sines in AOQC' to obtain

r 2 V3

— d th - .
sin120°  sinlpe’ G T 150

Then proceed as in the first solution.

23. (B) For every sequence S = (ay,az,...,a,) of at least three terms,

a1 + 2as +az as + 2a3 + ay Ap—o + 2051 + ayp,
A%(S) = ( 1 , 1 1 .
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Thus for m = 1 and 2, the coefficients of the terms in the numerator of A™(S)

are the binomial coefficients (73), ("f), ce (z), and the denominator is 2™. Be-
cause (T) + (rTl) = (Till) for all integers r» > 0, the coefficients of the terms
in the numerators of A™+1(S) are (mgl), (mfl), e (Ziﬁ) for2<m<n-—2.

The definition implies that the denominator of each term in A™+1(S) is 2m+1L.
For the given sequence, the sole term in A190(S) is

100 100
1 Z 100 1 100\ ,, 1 100
2100 (m)amH:Zloo (m)gj :ﬁ(z—i_l) '
m m=0

=0
() =m0 - ().

Therefore

s0 (1 + )09 = 250 and because x > 0, we have z = v/2 — 1.

(D) There is exactly one term in the simplified expression for every monomial
of the form z%y®z°, where a,b, and ¢ are non-negative integers, a is even, and
a+ b+ c = 2006. There are 1004 even values of a with 0 < a < 2006. For
each such value, b can assume any of the 2007 — a integer values between 0 and
2006 —a, inclusive, and the value of ¢ is then uniquely determined as 2006 —a —b.
Thus the number of terms in the simplified expression is

(2007 — 0) + (2007 — 2) + - - - 4 (2007 — 2006) = 2007 + 2005 + - - - + 1.

This is the sum of the first 1004 odd positive integers, which is 1004% = 1,008,016.
OR

The given expression is equal to

2006!
S S (@ + 2t () (—2))

where the sum is taken over all non-negative integers a,b, and ¢ with a+b+c =
2006. Because the number of non-negative integer solutions of a + b+ ¢ = k
is (kf), the sum is taken over (20208) terms, but those for which b and ¢ have
opposite parity have a sum of zero. If b is odd and c is even, then a is odd, so
a=2A+1,b=2B+1, and ¢ = 2C for some non-negative integers A, B, and C.
Therefore 2A + 1+ 2B + 1 4+ 2C = 2006, so A + B + C = 1002. Because the
last equation has (10204) non-negative integer solutions, there are (10204) terms
for which b is odd and c is even. The number of terms for which b is even and

c is odd is the same. Thus the number of terms in the simplified expression is

<2008

1004
9 > — 2( 020 ) = 1004 - 2007 — 1004 - 1003 = 1004* = 1,008,016.
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25. (E) For 1 < k < 15, the k-element sets with properties (1) and (2) are the
k-element subsets of Uy, = {k,k + 1,...,15} that contain no two consecutive
integers. If {aj,as,...,ax} is such a set, with its elements listed in increasing
order, then {ay +k — 1,aa + k — 2,...,a5_1 + 1,a} is a k-element subset of
Usi—1. Conversely, if {b1,bs,...,bx} is a k-element subset of Usy,_1, with its
elements listed in increasing order, then {by —k+1,bo —k+2,...,bp—1 —1,b;}
is a set with properties (1) and (2). Thus for each k, the number of k-element
sets with properties (1) and (2) is equal to the number of k-element subsets of
the (17 — 2k)-element set Us,_1. Because k < 17 — 2k only if £ < 5, the total
number of such sets is

5

17 — 2k 1 1 11
2 () = () () () (D) (5) - rwmnasasizoen -
2 1 2 3 4 5
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