Grade 12 (MCV4UV) Calculus & Vectors

Proving the Product Rule, Quotient Rule & Chain Rule
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POWER RULE

If f(x)=x",wherenisa real number, then f'(x)=nx""

In Leibniz notation, di(x”): nx""
X

Factor (x+h)" — x"

, . f(x+h)-=1(x) n
f'(x) = lim ™ ,where f(x)=x (x+h)—xis the root
f'(x):lhingw (x+h)"" +(x+h)"2x+..(x+h)’x"™.

(xsh- x)[(x+ Y4 (e ) x4t (X 2 x”‘l] (x+h)- x)(x+ ) e —X

=1im h (x+h)" =x(x+h)"™*
= Ling[(x+ h)'™ +(x+h)" 2 x+...+(x+h)x" 2 + x”’l] X(x-+h)™
=yt y2 (X)+...+(X)Xn_2 Lx™L X(X + h)n ! XZ(X + h)n—Z
=X" 4+ x" 4+ x"P+x"™ (Since there are n terms) X*(x+h)"*
- nx™ .etc
PRODUCT RULE

If p(x) = f(x)g(x), then p'(x) = f'(x)g(x)+ f(x)g'(x).
du dv

—V+U—

If u and v are functions of x, i(uv) =
dx dx dx

Recall: f(x) = lim f(x+hr)]— f(x)
p(x) = f(x)g(x)
p'(x)=lim f(x+h)g(x +hh) - f(x)9(x)

_lim f(x+h)g(x+h)— f(x)g(x+h)+ f(x)g(x+h)— f(x)g(x)

h
{{f(xmg— f(x)}gl(ﬂh)+ f(x)[

h—0

g(x+h)-g(x)
h

= lim
h—0

)

g(x+h)-

g(x)

=lim

h—0

{f(x+h)—f(x)}
h h

Ll_rg g(x+h)+ Ll_rg f(x)rlll_rg[

= £'()g(x)+ f(x)g'(x)
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QUOTIENT RULE
f(x) f'(x)g(x)— F(x)g'(x)
If = th .
p(x) = o)’ en p'(x) = B
PO = > 1= pl)a
f'(x)= p'(x)g(x)+ p(x)g'(x) ~ (Product Rule)

p'(x)g(x)= f'(x)- p(x)g'(x)

(- F (0= p(x)g'(x)

p'(x) o)

f(x)
F(x)-—7-00'(x)

. g(x) . T

p'(x) 30 Recall: p(x)= 20

' _ f'(x)g(x)— f(x)g'(x) Multipl @

N O 0
CHAIN RULE

If p(x) = t[g(x)} then p'(x)=[t[g()]= f'(g(x))g'(x)
Recall: p'(x) = lim p(x+ hr)]_ p() Chain Rule:

VN ! If y is a function of u and u is a function of x (so that y
p'() ;[[f([g(xz])]] f[ ( )] is a composite function), then

. X - X
- L'ﬂ(] L h : %: jﬁ_i provided that S—Z and 3—2 are both exist.

Assuming that g(x+h)-g(x)= 0, we can write

p'(x) =[f[g()]}
lim { [9(x+h)]-

f
0l g(x+h)-g
T ilgbcen)
i { g

g

x)] g(x+h)- g(X)}

h

UMESET)

h—0

[9(
(x)
[9(
>0l g(x+h)-g(x)

Sincellm[ (x+h)—g(x)]=0, let g(x+h)-g(x)=k and k —0ash — 0. We obtain

_ 'JL‘B‘[ flg(x)+ kk]— f[g(X)]} L‘L‘J[g(m hh)— g(X)}
(I

Therefore [ f f'(g(x))g'(x)

[a(0)]-
00 = [ [0} (alc)e' ()

RHHS Mathematics Department




